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Abstract 
Bacs6, G. and Z. Tuza, Domination properties and induced subgraphs, Discrete Mathematics 111 
(1993) 37-40. 
Let the class Forb(C,, P,) consist of all graphs containing no induced cycle or path on t vertices, and 
denote by Dom(d, k) the class of graphs in which every connected induced subgraph H has 
a k-dominating subgraph D of diameter at most d (i.e. for each vertex .YE V(H)\V(D), there is a vertex 
YE V(D) at distance $ k from x). 
In a previous paper we proved Forb(C,, P,) = Dom(t-4, 1) for 4~ t ~6 and Forb(P,)= 
Dom(t-4, 1) for t>7. Here we show Forb(C,, P,) s Dom(t - 6,2) for t > 9; moreover, 
Forb(C,, P,)=Dom(3,2) and Forb(C,,, P,,)=Dom(4,2). 
1. Introduction 
In this paper we continue the study initiated in [2%4] concerning the relations 
between classes of undirected graphs defined in terms of forbidden subgraphs and 
general domination properties. More explicitly, we consider the following two types of 
graph classes. 
Forbidden subgraphs: Let {G,, G2, . . . } be a given (finite or infinite) set of un- 
directed graphs. We denote by Forb(G,, G 2, . ..) the class of graphs containing no 
induced subgraph isomorphic to any Gi, i> 1. 
Domination: Let d 30 and k > 1 be given integers. We define Dom(d, k) as the class 
of graphs G in which every connected, induced subgraph H of G contains a subgraph 
D of diameter at most d, such that the vertex set of D is k-dominating in H. (A vertex 
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set Y is k-dominating if for every vertex x$ Y there is a YE Y whose distance from x is at 
most k; the l-dominating sets are the dominating sets, extensively studied in the 
literature.) A k-dominating (induced) subgraph is a (induced) subgraph whose vertex 
set is k-dominating. 
Further notation is standard: In a graph G = (V, E), d(G) and &(x, y) denote the 
diameter and the distance between two vertices x, YE V, respectively (d(G) := + co for 
G disconnected). For ta 1, the (chordless) path and cycle on t vertices is denoted by 
P, and C,, respectively. 
Here we are interested in domination properties when the forbidden induced 
subgraphs are paths and cycles with a given number of vertices. Let us recall two 
relevant results from [4]. 
Theorem A ([4]). (i) Forb(C,, P,) = Dom(t - 4,1) for 4 <t < 6, and 
(ii) Forb(P,)=Dom(t-4, 1) for t37. 
Theorem B ([4]). Let t>7. Zf GEForb(P,) is a connected graph with more than one 
vertex, and G#C,, then G has a proper dominating induced subgraph of diameter at 
most t - 4. 
The conclusion of Theorem B remains valid for 4 < t < 6 as well if GEForb(C,, P,) is 
assumed, but this fact will not be applied later on. We also note that the particular case 
t= 5 of Theorem A was discovered independently and simultaneously in [2] and [S]. 
A basis for structural characterizations stronger than Theorems A and B is pro- 
vided by the following observation. 
Proposition 1.1. For t odd, 
Dom(l,(t-3)/2)sDom(3,(t-5)/2)c ... sDom(t-6,2)sDom(t--4, 1) 
and for t even, 
Dom(O,(t-2)/2)ZDom(2,(t-4)/2)s .+. cDom(t-6,2)&Dom(t-4,l). 
Hence, Theorem A characterizes the rightmost class of these sequences; on the other 
hand, for t even, the class Dom(0, (t -2)/2) is characterized in [l, p. 2011. Some further 
related results (with characterizations of Forb(P,) in terms of ‘k-centers’ and domina- 
tion) can be found in [3]. 
The main result of our note is as follows. 
Theorem 1.2. For t > 9, Forb(C,, P,) E Dom(t - 6,2). 
Obviously, C9 and Pg (Cl0 and PIO) do not have 2-dominating subgraphs of 
diameter < 3 (~4). Hence, for small values oft, this result yields that the two classes of 
graphs in question are the same. 
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Corollary. Forb(&, P9)=Dom(3, 2) and Forb(C,,, P,,)=Dom(4,2). 
We expect that further classes involved in Proposition 1.1 have similar equivalents 
in terms of forbidden paths and cycles, for larger values of t. The sequence 
Forb(C,, Pq)=Dom(O, 1) 
Forb(C,,P,)=Dom(l, 1) 
Forb(C,, P6)= Dom(2, 1) 
Dom(l,2)cForb(C,,P,)cDom(3,1) 
Dom(2,2)cForb(C,,P,)cDom(4,1) 
Forb(C9,P9)=Dom(3,2) 
Forb(C10,P,,,)=Dom(4,2) 
Dom(3,3)cForb(C,,,P,,)cDom(5,2) 
Dom(4,3)cForb(C,,,P,,)cDom(6,2) 
suggests some trends, and it is tempting to guess 
Forb(C,, P,)=Dom(CGX(t- 1)/41) VI 
for t s 1 and 2 (mod 4). It would be interesting to see further results of this type for 
some larger values of t as well. 
We note that the inclusions in the above sequence are strict. Indeed, it is easy to see 
that for t = 0 or 3 (mod 4), C,eDom( [t/2], [(t - 1)/4])\Forb(C,, P,) since C, is a domi- 
nating subgraph of itself with diameter [t/2]. Moreover, define CT as the graph with 
2t - 4 vertices, obtained from C, _ z by joining a degree-l vertex to each vertex of C, _ 2. 
One can check that C,*~Forb(c,,P,) \Dom([t/2]-2, [(t+3)/4]) whenever t=O or 
3 (mod 4). 
2. Proofs 
Proof of Proposition 1.1. Let H be a connected induced subgraph in a graph 
GEDom(d, k). Choose a k-dominating subgraph D E H of diameter <d, and let D’ be 
the subgraph of H induced by the vertices of D together with all vertices adjacent to 
some vertex of H. Then D’ has diameter d d + 2 and D’ is (k - 1)-dominating. Thus, 
Dom(d,k)cDom(d+2,k-1). 0 
Proof of Theorem 1.2. Let H be a connected induced subgraph in a graph 
GEForb(C,, Pt). Choose a connected induced dominating subgraph H’ of H, minimal 
under inclusion. (Since H is connected, such an H’ exists.) We are going to prove that 
H’EForb(P,_,). 
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Let P be an induced path of maximum length in H’, say with end-vertices x and y. 
Suppose that P has at least t - 2 vertices. Obviously, x and y cannot be cut-vertices of 
H’, i.e. H’-x and H’-y are connected. By the minimality of H’, none of these 
subgraphs dominates H, so that there exist vX, DUE V(H)\ V(H’) whose unique neigh- 
bors in H’ are x and y, respectively. Then V(P) u (ux, uy) induces a cycle or a path on at 
least t vertices, according as u,v,EE(G) or u,v,$E(G). In both cases we obtain an 
induced C, or P, (also in G) and this contradicts the assumption that GEForb(C,, P,). 
Thus, H’EForb(P,_,). 
Applying Theorem A(ii) for t -227, we conclude that H’~Dom(t -6, 1). Conse- 
quently, we can choose a dominating subgraph of diameter < t - 6 in H’. This D is 
2-dominating in H. Thus, GEDom(t-6,2) and the theorem follows. q 
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